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0 O Paper

Optimal Vector Smoothing Splines with

Coupled Constraints™

Hiroyuki Fusioka® and Hiroyuki KANO?

This paper considers the problem of designing optimal vector smoothing spline curves with equal-
ity and/or inequality constraints. The constraints are assumed to be cross-coupled among the ele-
ment curves imposed at some time instant as well as over some time interval. The vector splines are
constituted employing normalized uniform B-splines as the basis functions. Then various types of
constraints are formulated as linear function of the so-called control points, and the problem is re-
duced to convex quadratic programming problem. The performance is examined by some numerical

examples.

1.

Constructing curves from a given set of discrete
data is an important problem with a wide range of
applications — such as numerical analysis, signal and
image processing, and robotics, etc. A standard ap-
proach of studying such a problem is by using interpo-
lating and approximating spline functions (e.g. [1-3]).
An advantage of using such spline functions may be
the computational feasibility. In particular, using B-
splines as the basis function yields simple algorithms
for designing curves [3,4] .

Conventional methods of designing splines, how-
ever, are often insufficient because there are a large
class of problems where we need to impose various
constraints on the curves. For example, when we con-
sider the trajectory planning problem for robots, we
may have difficulties to plan the high performance tra-
jectory without imposing constraints — such as veloc-
ity, acceleration, and jerk saturations, etc (see e.g.[5]).
In particular, when via-points for the planned trajec-
tory are sparsely distributed in some interval of inter-
est, the difficulties may increase further. Thus, the
so-called constrained splines have been studied. Mar-
tin and his group in [6,7] have developed the method
of constructing smoothing spline curves with inequal-
ity constraints. By employing the control theoretic
approach, they have presented that the problem of
constructing such constrained smoothing splines re-
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duces to a quadratic programming problem. Similar
results are exhibited in the work by Kolter and Zg in
[8], where they have used polynomial cubic splines.
However, these constraints on splines can be imposed
only at the isolated points.

On the other hand, Egerstedt and Martin in [9]
have focused on the problem of designing the mono-
tone smoothing splines, in which the non-negativity
constraint on the derivatives of splines is imposed on
some interval. In general, such a problem with con-
straints over interval leads to an infinite dimensional
problem and not be easily solved. Therein, the con-
strained spline problem is formulated and solved as
a dynamic programming problem. Similar results are
shown in the works by Meyer in [10] and Elfving and
Anderson in [11]. These methods are however spe-
cific to the cubic splines, not the splines with arbi-
trary degrees. The authors in [12,13] have developed
a method for designing smoothing spline curves with
various types of constraint — such as constraints over
interval or at isolated points, constraints on deriva-
tive and integral values of splines. Then, it has been
shown that B-spline approach yielded systematic
treatments and solutions for the constrained spline
problems using the splines with arbitrary degrees.
Moreover, the recursive design algorithm of such con-
strained splines has recently been developed [14]. But,
these methods in [12-14] have been applied only when
the given data is scalar-valued, and thus we can not
impose the constraints cross-coupled among the mul-
tiple curves.

In this paper, we generalize the design method
of constrained smoothing splines [12] to the case of
vector spline curves with equality and/or inequality
constraints. The vector splines are constructed by
employing normalized uniform B-splines as the ba-
sis functions. The constraints include those at iso-
lated time instant or over some time interval, which
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usually is not easy to treat, and those involving
couplings among the element curves. We will see
that, in the present approach, all such constraints can
be systematically incorporated to the problem of op-
timal splines, and the construction becomes convex
quadratic programming problem, for which efficient
numerical algorithms are available. Thus it provides a
powerful tool for many practical applications —such as
trajectory and motion planning problems in robotics
(see e.g. [8]).

This paper is organized as follows. In Section 2.,
we briefly review vector B-spline curves and design
method of optimal vector splines. Then in Section 3.,
we show how various types of constraints on splines
can be formulated and solved by employing B-spline
approach. We examine the performances of the pro-
posed method by numerical examples in Section 4..
Concluding remarks are given in Section 5..

We use the following symbols throughout the pa-
per: ® denotes the Kronecker product, and ‘vec’ the
vec-function, i.e. for a matrix A=/[a; ag- an] €
R"™™ with a; € R™, vec A=[a] a3 - a}f]T e R™
(see e.g.[15]).

2.

As preliminaries, we present vector B-spline curves
and the optimal design method of smoothing splines
without constraints.

2.1 Vector B-Spline Curves
We construct vector spline curve z(t) e R? (p>1)
of degree k,

o(t) = [21(t) 22(t) -~ ()], (1)

using B-spline function By (t) as the basis function by

Optimal Vector Splines

m—1

z(t)= Y mBr(alt—t,)).

i=—k

(2)

Here 7; € R? are the weighting coefficient vectors, called

‘control points’ [3], with

; (3)

m is an integer, and «(>0) is a constant for scal-
ing the interval between equally-spaced knot points

Ti= [Tl,i T2,4 Tp,i]T

1
tiv1—ti=—.
a

(4)

Note that, by an appropriate choice of 7;, we can de-
sign arbitrary spline curves z(t) of degree k on the
interval [to,t,,](C R) for t.

In (2), Bg(t), t € (—00,+00) is the normalized, uni-
form B-spline function of degree k defined by

Ni—ju(t=J), j<t<j+1,

j=0,1,--,k
t<0 or t>k+1

(5)

and the basis elements N, ;. (¢) (j=0,1,---,k), 0<t<1
are obtained recursively by the following algorithm:

0 Algorithm 10 Let Ngo(t) =1 and, for i =1,2,
.-+ k, compute

1—¢
Noi(t) = ——No,i—1(t)

1—7+t
Njalt) = —5—Nj-151(0)

1+75—t
+ Z Nji-1(t), (6)
j:]-v ,Zfl

t

Nz,i(t) - ; z—l,z—l(t)

Thus, By(t) is a piecewise polynomial of degree k with
integer knot points and is k—1 times continuously
differentiable. It is noted that By(t) for k=0,1,2,---
is normalized in the following sense,

k
D ONji(t)=1,0<t<1. (7)
j=0

For the sake of later reference, we introduce (k+
1)-dimensional vectors Ni(t) and hy(t) as

Ni(t) = [ Now(t) Nix(t)
e(t) = [¢% 1 1]

o Npx()]" 8)
: (9)

Then Ni(t) is written as

Ni(t) = Skhi(t), (10)

where Sj, € REHDx(E+1) ig 4 matrix whose i-th row
consists of the coefficients of polynomial N;_j ;(t).
When k=3, for example, we obtain the matrix S3 as

~1 3 -31
113 =60 4

Ss=311 33 31 (11)
1 0 00

Moreover, the [-th derivative of N(t) is obtained as

N (t) = S,Chhi—i(t) (12)
[13], where C),; € RFHDx(k=(=1)) i5 defined by
Cri=CrCr_1--Cr_-1), (13)
and C; e RUHDX by
1
i—1
C;= ) (14)
1
0 -0

Here the empty spaces denote zero entries.

2.2 Optimal Vector Smoothing Splines
Due to the properties of the basis functions By(t),
the function x(¢) in (2) describes a vectorized piece-
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wise polynomials of degree k with the knot points ¢;
and is k—1 times continuously differentiable. In par-
ticular, depending on the choice of the control point
vector 7; € RP, a class of polynomial splines z(t) of
degree k can be generated on the interval [tg,t,,] for
t. For such a class of splines, we consider a problem
of optimally constructing the smoothing splines x(¢),
which are not only close to the given data but also suf-
ficiently smooth. In the sequel, we briefly review how
the problem is formulated as an optimization prob-
lem on 7; for typical cases of discrete and continuous
data.
Suppose that we are given a set of data

{(si,di) = si€ltost

and let 7€ RP*M (M =m+k) be the control point
matrix defined from (3) by

wl, di €RP,i=1,2,---,N},(15)

T:[’T_k T—k+1 " Tmfl]. (16)

Then a standard problem is to find such a 7 minimiz-
ing the cost function

tm N
50)= [t 0|}t S et - il 07
Y =1

where ||z||% =218z, A=diag{\1,\2,...,A\,} € RPXP
with smoothing parameter A;(>0), Vi, and the weight-
ing matrix W; = W' € RP*P satisfies 0 < W, < I,, Vi.
Note that the first term in (17) governs the smooth-
ness of x(t), while the second term describes the ap-
proximation error from the given data.

Letting 7 € RPM be the vec-function of 7 € RP*M
ie.
(18)

T =vec T,

the cost function J(7) can be rewritten as a quadratic

function J(7) in terms of 7,
J(7)=7TGn7—27T gy 4 const. (19)

(see Appendix 1. for derivation), where const. is the
term independent of 7, and

Gn = Q®A+Z (s:)bT(s1)) @ W; (20)

g = Zb )@ Wid;. (21)
Here, b(t) € RM is defined by

b(t) = [ Br(a(t—t—y)) Br(a(t—t_pt1))

- Bu(a(t—tn-1))] ", (22)
and Q € RM*M ig a Gramian defined by
m d2b deT(t)
2
@= /O dt?  di? (23)

It can be shown that, given k,a and m in (2), the
Gramian @) is computed explicitly by using B-splines
in (5) (see, e.g. [4] for details).

Note that Gy >0 (positive-semidefinite) in (20),
since 4>0, Q@ >0, b(s;)bT (s;) >0 and W; > 0. Hence
J(7) in (19) is convex in 7.

On the other hand, when the data is given as a
function f(t) € RP, t € [to,tm] instead of (15), we em-
ploy the following cost function

J(T):/ttmHx(Q)(t)Hidt+/ttm|x(t)—f(t)||2dt.
° ° (24)

This cost J(7) can also be rewritten as a convex
quadratic function in terms of 7 similarly as (19).

3.

There are various types of constraints on splines
x(t), t € [to,tm], €.g. those for x(t) and/or its deriva-
tives, for some isolated point ¢ or for some interval
of t, for equality and/or inequality, etc. Here we first
develop basic formula for expressing the constraints,
which are then used to treat cross-coupled constraints
among the element curves.

Splines with Coupled Constraints

3.1 Basic Formula

Noting that every element of z(t) in (1) is a piece-
wise polynomial, we examine z(t) in each interval
[tj,tj41) for j=0,1,---;m—1.

By (2) and (5), the spline x(t) on the interval
[tjatj—i-l) is written as

> 7Bila(t—t;)).

i=—k+j

x(t) = (25)

Using (5), we then get

E 7—] k41 1k

and it depends on only the k41 weight vectors 7;_p,
7j. Moreover, by introducing a new vari-

alt— te

lj )) [tjvtj-‘rl)’ (26)

Tj—k+1 """
able u,

=a(t—t;),

the interval [t;,t;41) in ¢ is normalized to [0,1) in wu,
and we write z(t) in (26) as &(u),

k
T u) = ZTj,kJﬂ‘Ni’k(u
=0

Letting 7(;) € RP**+1) be a sub-matrix of 7 in
(16) defined by

(27)

), welo,1). (28)

7 | (29)

and using (8), we may rewrite &(u) in
7(j) Nk (u). Hence, we have

TG) = [ Timk Tj—ke1 =

(28) as z(u) =
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2(t) = (Nk(u) @ 1,) "7 (30)

with 7(;) = vec 7(;), where we used the formula vec
(AXB)=(BT®@ A)vec X and (A® B)T = AT BT
for Kronecker product. In general, the I-th derivative
O (t) for t €[t,t;41) is expressed in terms of u € [0,1)
in (27) by

eW(t)=a'dO(u), 1=0,1,2,--, (31)
with

~(1) O] TA

0w = (N wel,) 7). (32)

Now we are in a position to derive expressions for
various types of constraints on z(t).

3.2 Pointwise Constraints

From (31) and (32), we see that any linear con-
straint on the value of z()(t), for given ¢ € [t;,t;41) is
spec1ﬁed as a linear constraint on the vector 7 € RPM
since 7(;) € RP*+1) i a sub-vector of 7. Spec1ﬁcally,
we conslder a constraint of the following form

HzW(t)>c (33)

for given constant matrix H € R7*P and vector c€ RY.
In this case, z()(t) is written as

e ()= (a01,)" 7, (34)
where
F= 0T ol NP @) 0, (35)

Thus, (33) is realized as the constraint on 7 by
H(wol,) #>c (36)

From this arguments, we see that the constraint ' >’
in (33) and (36) may readily be replaced by ' <’ and
by equality ' ='.

Only the point in [tg,t,,] that is not covered in the
foregoing arguments is t =t,,. However, the values of
W (t) at t=t,, for [=0,1,---,k—1 are obtained, by
the continuity of these functions. Namely, by letting
j=m—1and u=1, we have

2O (t) = (@@ 1,)" 7 (37)
with
!
af = [ 08, yny NPT (38)

If we need to constrain xz(*)(t) at t=t,,, which
is piecewise constant and is discontinuous at the knot

points, we simply regard that z(*)(¢,,) =lim;_;, 2" (t),

implying that (38) holds also for I =%k. Thus we
have the expression of z()(¢) in terms of 7 for any
1=0,1,---,k, and t € [to,tm]-

As an example of pointwise constraints, consider
to constrain initial conditions between the two con-
secutive elements of z(t) as

!

2 (t0) = 7414 (to) (39)
for an I (I=0,1,---,k). Then, we see that this con-
straints are realized by setting H=[07_; 1 —10;_, ]
and j=0 and u=0 in (35). The conditions are ex-
pressed as

H(q®L) #=0 (40)
with

!
=[N (0)" 03| (41)

Here, N,gl) (0)T is readily obtained from (12) with u=
0. For example, N\"(0)T for k=3, i.e. NP (0)7, is
obtained as

1
§[1410] =0

NPT =] z[-1010] =1 (42)
[1-210] 1=2
[-13-31])1=3

To conclude, this method can be used to spec-
ify linear equality or inequality constraint on z()(t),
among the elements :E( )( t), ¢g=1,2,---,p, for given
t € [to,tm] and 1=0,1,---,k as linear constraint on 7.

3.3 Constraints over Knot Point Inter-

vals
Next we consider the cases of constraints over knot
point intervals. Specifically, we consider an inequality
constraint as

Hu(t) = f(t) VEe(t;tjp] (43)

for a given matrix H € R9*P and vector-valued con-
tinuous function f(t) € RY,

F) = [Ait) fot) - f0)]". (44)

Such an expression may be used to impose the con-
straints for each elements of x(¢) and coupled con-
straints among some elements of x(¢).

Now suppose that f(t) is itself a spline expressed
in the same form as in (2), i.e.

N= Y 6:Bulali—t)) (15)

i=—k

Then f(t) in the interval [t;,t;11] is written as

> ¢iBilalt—t)) (46)

i=—k+j

and, similarly as (25)-(28), we get

:f Z¢j k+i zk

with u=a(t—t;).

w),uel0,l] (47
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Then, the constraint in (43) can be realized by
imposing the condition

or

Hr(j) 2 ¢y,

where 7(;) = [Tj 1 Tj_p41 - 75] by (29), and similarly
by = [¢j—k Pj—r+1 -~ #;]. This is because we then
have from (26)-(28) that

(49)

k
Ha(t)=Hi(u)=> Hrj_psiN;ip(u)
=0
k
> Z¢j—k+iNi,lc(u) =f(u)=F(t)
- Velptl,  (0)

since N; r(u) >0 Vu € [0,1].
We now express the condition (49) in terms of 7.
Since 7(;) is given as

T(j) = TEj (51)
with

Ef =[0rs15 i1 Okt m—j— (ot | » (52)
it holds that

vec(Hr(;)) =(E] @ H)?. (53)
Thus the condition H7(;) > ¢(;) is specified by

(Ef @ H)? = d), (54)
where

() = vec d). (55)

A simple but useful example of f(¢) in (44) is a
linear function in ¢, i.e.

f(t):cl(t—t0)+02, (56)

where c¢1,co € R? are some constant vectors. Here we
derive an expression for the control point ¢; in (45)
yielding f(t) in (56) in the interval [t;,t;41]. First,
the function f(t) is expressed in u=«a(t —t;) as

fu)=éu+éy (57)

with ¢; = a and ¢ :jc—1 +c¢o. On the other hand,

~ a a A

f(u) in (47) is expressed as f(u)=¢(;)Ng(u). Then

we have ¢(;) Ny (u) = ¢ju+ ¢z, and (10) and (9) yield
d)(j)Skhk(u) = [Oq,k—l 61 ég]hk(u).

Since this holds for all u € [0,1], we get ¢Sk =
[0g,5—1 &1 2], and hence the control points yielding
f(t) in (44) in the interval [t;,t;41] are obtained by

(58)

G(j) =0gh—1 é1 2] S " (59)

In the case of cubic splines, using Ss in (11) yields
¢y =[0g2 &1 &2] S5

=[—t1+é &2 C1+E 20462 ], (60)
and thus
142 L . . .
¢i:TC1+027 1=7-3,j—2,j—1,j. (61)

Here we considered constraints over single knot
point interval, namely [t;,t;41], but we see that the
above arguments can be easily extended to larger knot
point interval [t;,t;] for any { (> j) and to the entire
interval [tg,t,].

3.4 Constraints on Integral Values
We finally consider the case of an inequality con-
straint on the value of integral as

tm
H z(t)dt > ¢

to

(62)

for given constant matrix H € R?*P and vector c€ RY.
From (31), (32) with {=0 and (27), we get

tm
/ x(t)dt
to

(63)

Now we get 7(j
is expressed as

(Ej ®1I,)7 by (51), and the integral

tm
/ x(t)dt = At (64)
to
where A € RP*PM ig given by
1 m—1 1
T T
A= -~ jgo (/O Ny (u)du@Ip) (E] 1)
1 1 m—1
=— / N (w)du ) E] | @1,
« 0 =0
LT
= (@ ®1,) (65)
with
1 m—1
ot = / N (w)du Y E. (66)
0 =

In (65), we used a relation (41 ® B1)(A2® By) = (A1 As)
®(B1Bs2) for matrices with proper dimensions.
For the case of k=3, using (10) and (9), we get
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1
1
/Ng(u)du:—p 1111 1], (67)
and by (52) we get
) 111121000
.1 |0111--1100
,7OEJ" 0011--1110 (68)
= 00011111
Then the vector a € R in (66) is obtained as
1 T
a:ﬂ[lu 2324 - 242312 1] . (69)

In conclusion, the constraint (62) is realized by the
following condition on 7,

HAT>c. (70)

3.5 Constrained Vector Splines

In Sections 3.2-3.4, we showed that our B-spline
approach enables us to express various types of con-
straints as linear function of control points 7(=vec 7),
including those on vector z(t) and its derivatives and
integrals both independently on its elements and as
cross-coupled constraints among the elements. Since
the optimal vector smoothing splines are obtained by
minimizing the convex quadratic cost J(7) as in (19),
we then see that a general form of this constrained
problem becomes a convex quadratic programming
problem in 7 as follows:

. AN 1 AT - TaA
%gllrglMJ(T)—§ Gr+g'7 (71)
subject to the constraints of the form
A%:dv flSE%Sféu (72)

for some matrices and vectors of appropriate dimen-
sions. Although there is a variety of methods for solv-
ing this problem (see e.g. [16]), we here use the func-
tion “quadprog” in MATLAB Optimization Toolbox.

4.

One of major applications of the proposed method
arises in the motion planning problems of the robotics
field. For example, let us consider a case where an
aero-robot with some range sensor is in 3-dimensional
environment, where we assume the environmental
map has already been built. When a set of data is
measured by the range sensor and we need to plan
the collision-free trajectory based on the environmen-
tal map, then the vector smoothing splines with con-
straints can be used effectively.

With the above case in mind, we here examine the
performances of the design method by the following
numerical example for p=3. Also, cubic splines, i.e.
k=3, are used.

Specifically, we design smoothing splines z(t) €
R3,

Numerical Example

a(t) = [21(t) w2(t) w3(t)]", (73)
in the time interval [tg,¢,,] =[0,36] such that
0<a1(t) <6, 0< ma(t) <5, 0<a3(t) <05 (74)
and satisfy the coupled inequality constraints
1 1
gxl(t) <as(t) < Z:vl(t) +1,
if t€][0,18
X [ tel018] (75)
—5(E1(t) +8< xg(t) S —51'1 + 11,
if te(18,36].

We set a=1 and m =236 in (2), hence the knot points
are t; =14, i=—3,—2,---, m—1. The initial,via point
and terminal conditions are set as

2(0)=1[000.5]T, 2z (0) =2@(0) =05,
z(18)=[4 5 0]T,

2(36)=[52 0.5]T, (V(36) =2 (36) = 05. (76)

Note that the inequality constraints in (74)-(75)
are those over knot point intervals and are imposed
by employing the method in Section 3.3. Also, the
constraints in (76) are the pointwise constraints and
the method in Section 3.2 can be used.

The coupled inequality constraints in (75) consti-
tute a geometrical constraint on the 2-dimensional
plane o —x1x5. For designing optimal smoothing
splines z(t) under such constraints, a natural choice of
the data points d; € R? in (15) will be the mid points
from the constraint borders specified by (75). More-
over, it is natural to assume that the data is corrupted
by some observation noise. Here, we generate the data
d; by sampling the function f(t) € R?® corresponding
to the center line and then add some Gaussian noise
to d;. Specifically, f(£)=[f1(t) fo(t) f5(t)]T is defined

by
[5 1,1 1tr
18 127 2 36 ’
if te€(0,18]
ft)= . . X T
—Ct4T -1 ——(t—1 . ,
[ 9 +76 36( 8)+05]
if te(18,36].
(77)

The magnitude of the additive Gaussian noise in d; is
set as o0 =0.55, the number of data is set as N =15,
and s;’s are randomly spaced in the interval [tg,t,,] =
[0,36]. The smoothing parameters A and W; are set
as A=102%-1I3 and W; = I3 respectively. The optimal
weight 7 is obtained by the method in Section 3.5
for the constraints in (74)-(76), and then we compute
a(t) = [z1(t) za(t) 23(t)]" by (2).

Fig. 1 shows the results for the elements of con-
strained vector spline z(t) in solid lines, where the
data points (s;,d;) are shown by asterisk *. For the
sake of comparison, we plotted in the same figures the
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t
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1 |
0.81 |
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= 04 b
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*
-0.6f y Xg(t)
-0.8f S0
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-1 . . . . . T T
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(b) z3(t)

Fig. 1 Design example of constrained and unconstrained
splines (resp. z(t) = [z1(t) 22(t) x3(t)]T and
a®(t) = [2(t) 25(t) 25(6)]")

results for the unconstrained vector spline, denoted by
x?(t), 1 =1,2,3, which were obtained without impos-
ing any constraints in (74)-(76). The function f(t)
in (77) is plotted in dotted lines. Also, in Fig. 2,
the planned motions z(¢) and x°(t) are plotted on 2-
dimensional plane o—z1 x5 and in 3-dimensional space

0—x122x3. From these results, we see that the pro-

* data points
X

”’XO

- — constraints
T

4 5 6 7 8

X
o
[
N
w

(a) z(t) and 2°(t) on 0—x125 plane

(b) x(t) and 2°(¢) in 0—z1793 space

Fig. 2 z(t) and z°(t) on 2-dimensional plane o — x>
and in 3-dimensional space o —x1x2x3.

posed method works well and the constructed spline
x(t) satisfies all the constraints in (74)-(76) unlike the
case of z%(t) with no constraints.

5.

In this paper, we developed a method for design-
ing optimal vector smoothing splines with equality
and/or inequality constraints including cross-coupled
constraints. The splines are constituted employing
normalized uniform B-splines as the basis functions,
and hence the central issue is to determine an opti-
mal matrix 7 of the so-called control points. Such
an approach enables us to express various types of
constraints as linear function of 7(=vec 7), including
those on the spline z(t) and its elements, their deriva-
tives and coupled constraints among the elements.
The design problem becomes a convex quadratic pro-
gramming problem in 7, where very efficient numer-
ical algorithms are available. We numerically exam-
ined the performances of the design method by an ex-
ample with equality and inequality constraints. The
developed method is effective as well as very useful
for various types of problems including the robotics
applications.

Concluding Remarks
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Appendix

Appendix 1. Derivation of Expression of J(7)

We here show how the expression of cost J(7) in

(19) is derived from J(7) in (17).

First, we evaluate the integral term in (17). Not-
ing that x(t) in (2) is expressed as z(t) =7b(t) with

matrix 7 in (16) and vector b(¢) in (22), we have

INERCI
- / " (=@ (t))TAx(2) (t)dt

to
Lt )\, d2b(t)
—/to (T Iz > AT—dtQ dt
:tr.(TTATQ)
=T (Q®A)7?,

where 7 € RPM and Q € RM*M denote vec-function
of 7 defined by (18) and Gramian defined by (23), re-
spectively. We here used the formula tr. (ATBCDT) =
(vec A)T(D® B)vec C for matrices with proper di-

mensions.

Regarding the second term in (17), we similarly

have

N
2
> llz(si) —dilly,

N
= Ztr. (Tb(SZ)bT(SZ)TTWZ
—27b(s;)d} Wi +d;d} W;)

N
= Z [#T (b(s:)b" (s:) @ W;) 7

—2#T (b(s:) @ Widy) +df Wid;] . (A2)

Hence, letting J(7) be the cost function J(7) in (17)

expressed in terms of 7, we get

N
J(#) =T Q@A) 7+ (b(si)b" (si) @W;) 7
i=1

N N
—27> " (b(si) @ Widy) + Y _df Wid; (A3)
=1

i=1

and (19) follows.
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